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^ Abstract. We prove that for SU{2) and 50(3) quantum gauge 

theory on a torus, holonomy expectation values with respect to the 
^ \ Yang-Mills measure duTi^^) = N^^e~^"^^'^^^^^'^['Du] converge, as 

Tij- I T I 0, to integrals with respect to a symplectic volume measure fiQ 

^ on the moduli space of flat connections on the bundle. These moduli 

■ spaces and the symplectic structures are described explicitly. 
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1. Introduction 



^ I In this paper we prove that for SU{2) and SO{3) quantum gauge theory on a torus, 

the holonomy ('Wilson loop') expectation values for the Yang-Mills measure dfiT{uj) = 
N^^ e~^^ ^''^^ ^'^ [Duj] (the notation is explained in subsection 2.5 below) converge, as T | 
0, to integrals with respect to a symplectic volume measure fxo on the moduli space of 
flat connections on the bundle. We also show that for the non-trivial S'0(3)— bundle 
over the torus, the moduli space of flat connections consists of just one point and the 
limiting measure exists and is thus, of course, just the unit mass on this point (a similar 
situation exists in genus 0, which is treated from a slightly different point of view in [Se 
1]). The proofs are by direct computation using the expectation value formulas derived 
from a continuum quantum gauge theory in [Se 2,3] and by lattice theory in a number of 
works including [Wi 1] (the work [Wi 2] also contains results of related interest), and the 
description of the symplectic form obtained in [KS 1] . 

The most signiflcant result related to the present work is the corresponding result by 
Forman [Fo] for gauge theory on compact orientable surfaces of genus > 1. Forman's proof 
relies on results of Witten [Wi 1]; a more direct proof of part of Forman's result has been 
obtained by C. King and the author in [KS 2]. The main case we work with in this paper, 
genus 1 and gauge group SU (2), is singular iji two ways (thereby making the method used 
in [Fo], [Wi], [KS 2] inapplicable) : (1) the 'partition function' goes to cx), as T | 0, and (2) 
no flat connection is irreducible. The situation over the torus is singular for other gauge 
groups as well, but the case SU{2) (or 5*0(3)) may deserve this separate study because 



2. The Limiting Expectation Values. 

2.1. The torus as a quotient of the disk : Let E be a torus equipped with a Riemannian 
metric, scaled so that the total area of S is 1. The area of ^ C S will be denoted \A\. As a 
manifold, E may be obtained from the closed planar disk D = {(x, y) E B? : + y"^ < 1}, 
centered at O = (0,0), as follows. Let Xt = (cos(27rt), sin(27rt)), for t E R, and let Ki be 
the arc [^^, |] — ^ dD : t ^ xt- Thus the Ki (z = 1, 2, 3, 4) split dD into four congruent 
arcs. Identify Ki with reversed, and K2 with ^4 reversed, linearly; i.e. xt is identified 
with Xf whenever t - = '-^ - t' with i e {1,2}, t G [^, {] and t' e ^]. 
The quotient space is a torus which we take to be S, and we denote the quotient map by 
g : D ^ S. The two loops = q{xQO) .q{Ki) .q{OxQ) and ^'2 — q{xQO).q{K2).q{Oxo), 
where Oxq is radial, generate the fundamental group tti (E, , with S2S1S2S1 being 
homotopic to the constant curve at q(P). For technical convenience, we equip S with the 
orientation induced by q from the standard orientation of D (Z R^. 

2.2. Triangulation ofT,, and Lassos : We will work with a fixed triangulation T of 
S. In order that we can apply some of the results of [Se 2,3] it is necessary to put some 
restrictions, which we describe below, on T. We will not make any significant overt use 
of these restrictions, and the reader may choose to proceed by viewing Theorem 2.10 as 
a 'definition'. In any case, every triangulation of S has a subdivision which is isomorphic 
to a subdivision of a triangulation which satisfies the restrictions. The requirement on the 
triangulation of S is that it be the projection by g of a triangulation of D which satisfies 
: (i) each oriented 1— simplex is either radial or 'cross-radial' (i.e. intersects each radius 
at most once), (ii) each is the composite of 1— simplices, and (iii) each 0— simplex is an 
endpoint of a 1— simplex which is part of a sequence of radial 1— simplices going from O to 
a point on dD (in particular, q{0) is a 0— simplex of the triangulation). If A is an oriented 
2— simplex of T then there is a radial path Ox in D whose projection by 5 is a path B, 
consisting of oriented 1— simplices, from q{0) to a 0— simplex on dA. The corresponding 
loop B.dA.B will be called a lasso. We will let {Ai, A^i} be the positively oriented 
two-simplices of the triangulation T of S, and S — {ei,ei, ...,eM,eM} the set of oriented 
one-simplices of the triangulation (wherein Cj is with the opposite orientation). We will 
often work with loops Ci, which are composites of 1— simplices. 

2.3. The groups G and G, the Lie algebra g, and the metric (■, ■)g : All through this 

paper G will denote the group SU{2), while G will denote either SU{2) or 5*0(3). Thus 
there is a (universal) covering map G G (which is the identity map \{ G = G). The Lie 
algebra g of G will be equipped with a fixed Ad— invariant metric ■)g. We will write / 

to denote both the identity element in G and the identity element in G. 

2.4- Principal G— bundle : Let tt : P — > E be a principal G— bundle over S. This is 
classified, relative to the fixed orientation on E, up to bundle equivalence by an element 
h e ker{G — > G) (one may take equation (3.1) of Section 3 as defining h). Here this kernel 
is either {/} or {±/} (/ being the 2x2 identity matrix); if h = I then the bundle is trivial, 
while if h = —I (which is possible only when G = 5*0(3)) the bundle is non-trivial. 

2. 5. The Yang-Mills measure on the space C : Let A be the set of all connections on 
P and let Qm be the group of all bundle automorphisms of P, covering the identity map 
S — > S, and fixing the fiber 7r~^(m) pointwise, where m = q{0). The group Qm acts on A 
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by puUbacks of connections : ((/>, u>) ^ (f)*u!. The Yang-Mills measure /it is a probability- 
measure on a certain 'completion' C of the quotient space A/Qrn- The construction of 
is carried out in [Se 2,3]. Formally, djJTi^) = N^^e~^^'^^^'>/'^[T>uj], where Sym is the 
Yang-Mills action functional, [Dlo] is the pushforward on C of "Lebesgue measure" on A, 
and Nt is a "normalization constant" . 

2.6. Stochastic holonomy : Fix once and for all, a point u on the fiber 7r~^(m), where 
m = q{0). If C is a piecewise smooth closed curve on E, based at 17(0), then corresponding 
to a connection a; on P there is associated the holonomy gu{C;uj) G G oi uj around C with 
initial point u. The holonomy gy^iC^ui) remains invariant if ui is replaced by for any 
(j> e Qm- If C* is a closed curve on E, based at g(0), which is the composite of oriented 
1— simplices of T, then (as shown in [Se 2,3]) there is a /^T—alniost-every where defined 
measurable function uj ^ g{C;uj) G G on C. This function may be called the 'stochastic 
holonomy around C" and is defined by reinterpreting the classical equation of parallel 
transport as a stochastic differential equation. If Ci, ...,Cfc are k such closed curves, and 
/ is a bounded measurable function on ^ then the expectation value 



is of interest. We state in Theorem 2.10 below an explicit formula for the expectation 
value. Part of the goal of this paper is the determination of the limit of this expectation 
value, for continuous /, as T J, 0. 

2.7. Notation {b 1-^ Xf,) : As before, let {Ai, A„} be the positively oriented two- 
simplices of the triangulation T of E, and £ = {ei, ei, cm, cm} the set of oriented 
one-simplices of the triangulation. We shall use maps £ — > G : 6 1— > for which x-^ — x'^^, 
where b denotes the orientation- reverse of the oriented 1— simplex b. If C is a closed curve 
which is the composite br-.-bi of oriented 1— simplices then we write x{G) to mean Xb^...Xbi. 
Thus x{dAi) G G, where dAi is the boundary of with some choice of initial point. We 
write Xb for the element of G covered by xi, G G; so x{C) G G is covered by x{C) G G. 

2.8. The Brownian Density (or 'Heat Kernel') Qt{x) : Let Qt{x) be the density, 
with respect to the Haar measure dx on G (of total mass 1), at time t{> 0) of standard 
Brownian motion on G (driven by the ^d— invariant metric {■, ■)g on g). 

2.9. Facts about Qt{x) : Qtix) is a multiple of the fundamental solution of the heat 
equation on G. It can be expressed as Qt{x) = Yl^=i^~^'^*^'^^Xn{x), where Xn is the 
character of the n— dimensional irreducible representation of G, and Cn = {n^ — 1)//^^ 

(wherein k, specifying the metric (•, is the length of the vector G ^r), the 

series being absolutely convergent. For any 5 > 0, limt|o sup|j,_7|>5 (5t(a;) = 0, wherein 
\x — I\ denotes the distance between x and /. If / is a bounded measurable function on G 
and is continuous near /, then limt|o f{x)Qt{x) dx = f{I)- 

2.10. Theorem ([Se 2,3]) : Let {Ai, A^} be the positively oriented two-simplices 
of the triangulation T of E, and £ — {ei,ei,..., cm, cm} the set of oriented one-simplices 
of the triangulation. Suppose that Gi, Ck are loops on E, all based at m (which, recall, 
is assumed to be a 0— simplex of the triangulation), which are composites of oriented 
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1— simplices. Then 



J^f{g{Ci;uj), ...,g{Ck;uj)) df^riuj) = 

If 

/ f{^C^),...,^Ck))QT\AAhx{^A^))]lQT\A,M^Ai))dxe,...dx 

Zjj, Jqm 



where 



Z^= [ Qrikb-^a-^ba) da.db. 



2.11. The variables yAi and the function F : Given b i— >• Xb, as above, it is possible, 
with an appropriate indexing of the 2— simphces as Ai, A^, to introduce € G, one 
for each oriented 2— simplex Aj, and a,b & G, such that : (i) y^^ = x{B)~^x{dAi)x{B) for 
the lassos B.dAi.B (for appropriate choices of B), i G {2, ...,n}, while for the remaining 
simplex Ai : y^i = hx{B)~^x{Ai)x{B) = hb~^a~^ba{iiA^...yAr,)~^ i (ii) x{Si) = a, and 
x{S2) = b, and (iii) each x{Ci) is a product of suitable powers of the y^i and a, 6. The 
latter actually follows from (i) and (ii) using the fact that every loop of the type Ci can 
be obtained from the composite of lassos and reversed lassos and the basic loops Si and 
S2 (and their reverses) by dropping certain 1— simplices which are traversed in opposite 
directions consecutively. These facts are proven in [Se 2] (Lemmas A2 and A3). Thus 
there is a function F such that 

f{x{Ci),...MCk)) ^ F{{y^},a,b) (2.1) 

wherein we have written F{{y^},a,b) to mean F{y^^, y^^, a, b). 

Thus F({y^},a, 6) is obtained from /(x(Ci), ...,x(Cjt)) by writing each x{Ci) as a 
product of powers of the y^. and a,b. In particular, if / is continuous then so is F. 
Moreover, 



/I lb 

/ f{x{Ci),...,x{Ck))QT\Ai\{hx{dAi))Y\QT\Ai\{x{dAi)) dxe^...dxeM 

Jg'^ 7=2 

/n 
-^({yA}»a>^)QT|Ai|(^&~^a~^6a(yA2---yA„)"^) nQi'jA,i(yAi)c^ad6.dyA2...c?yA„ (2.2) 

This is proven in (Lemma 8.5 of) [Se 3] (and in [Se 2] in the case h — I). 

2.12. Remark. If a; is a connection on P, then by setting y^. = gu{B.dAi.B;uj) 
(notation as in subsection 2.11 above), and o = gu{Si\u))., b = gu{S2',u!), we can take xi, 
to be the element of G describing c<;— parallel transport along b (as measured by a suitable 
section of P over the bonds of the triangulation). Then x{Ci) — gu{Ci;u}). In particular, 
if ui is fiat, then equation (2.1) implies that : 

f{gu{Cr,uj),...,gu{Ck-,u))=F{{e},gu{Si;uj),gu{S2-,uj)) (2.1') 
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2.13. Lemma. For T > 0, we have 



oo 

e 

1 



-Cr^T/2 Xn{h) 

where = {n^ — 1) / (wherein k > specifies the metric on (7, as in Facts 2.9), and ^'^^^ 
is 1 if /i = / (i.e. when P is trivial) and is (—1)"^+^ when h — —I (i.e. when G — 50(3) 
and the bundle is non-trivial). In particular, the series above is convergent. Moreover, 

Proof: With Xn as in Facts 2.9, Xn{hy~^x~^yx) dxdy = -^Xn{h) (see Ex. 2.4.17.3 
and Proposition 2.4.16 (iii) in [BrtD]), where the integration is with respect to Haar mea- 
sure of total mass 1. The expression for Zj, follows upon integration term- by-term of 
the series for QT{hy~^x~^yx) given in Facts 2.9. Term-by-term integration is valid by 
dominated convergence, since (see Facts 2.9), 

00 » 00 

^g-c„T/2^ / \xn{hy~^x~'^yx)\ dxdy <'^e^^'''^/'^n.n = Qt{I) < 00. 

n=l "^^ n=l 

Next, if /i = /, we see by monotone convergence that = J^^i g-c„T/2 ^ 00, as T J, 0. 
To evaluate lim^j^o we use the theta function identity : 

00 

I + cos(2™)e--'^'*/2 = t- J2 e-2-(— )Vt, 

n=l mGZ 

wherein Z is the set of all integers. Setting a; = 1/2 we obtain : 
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„-27r(m-i)Vt_ 
n=l ~ ~ meZ 



The left side of this equation is e '^^I'^Z^^^^. Letting t J, 0, we obtain limTj,o -^t^ — \- 

In Section 3 (following Theorem 3.15) we will calculate limyjo -^t^ = | by a different 
method. ■ 

2.14. Lemma. Let Ci, be a collection of loops as above, / a continuous function 
on G'^, and let F be the function described in equation (2.1). Then : 

lim / /(^(Ci;a;),...,^(CA;;a;))d//T(<^) = lim^ / F{{y^ = I},a,b)QTihb~^a~^ba) dadb 

TJ.0 Jq TIO Zrp J 

provided the limit on the right hand side exists. 
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Proof: By continuity, F{{y^},a,b) is uniformly close to F{{I},a,b) when the j/Ai 

are close to /. Let Us = {vAi '■ IVAi ~ ^\ > ^5 ?' = 2, n}, for any 5 > 0, wherein \y^- — I\ 
denotes the distance between y^- and /. In view of the expectation value fromula given 
in Theorem 2.10 and equation (2.2), it will suffice to show that, for any 6 > 0, 

^ / QT\Ai\{hb~^a~^ba{yA2--yAj~^)T\QT\Ai\{yAi)dadb.dyA2-dyAr, 

converges to 0, as T | 0. 

The integral appearing above is dominated by 

n 

sup QT\Ai\{yi), 

and by Facts 2.9, this goes to 0, as T J, 0. The desired result now follows by taking 
into account Lemma 2.13. ■ 

2.15. Remark. In view of Theorem 2.10, equations (2.1) and (2.2), and Remark 2.12, 
we see that Lemma 2.14 says essentially that limTj^o A*t, if it exists in a suitable weak sense, 
lives on the space of fiat connections on P. 

2.16. Remark. Lemma 2.14 also shows that the determination of the "weak limit" of 
//T 5 as T J, 0, is essentially reduced to the determination of the limit 



hm j Fs{a,b)QT{haba ^b ^) da.db, 



2 

for continuous functions F on G . 



2. 1 7. Lemma. If F is continuous on then 

lim^ / F(a,b)QT{b~^a~^ba) dadb — lim n. / F(a,b)xnib~^a~^ba) da.db, 

TIO ZL Jq2 n^oo Jq2 



provided the limit on the right hand side exists (as a finite number). 

Proof : This is an application of the L'Hopital rule. Using Facts 2.9, we have as in 
the proof of Lemma 2.13 : 



» 00 
/ F(a, b)QT{b-^a-^ba) dadb = V 



where 



cxn = n-. / F{a,b)xn{i> ^ba) da.db. 
Taking F to be 1, we have, as in Lemma 2.13, 



2^ = E 



00 

C„T/2 



e 

n=l 
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Assume that q;„ — > L, a finite number, as n — > oo. Let e > 0, and choose N so that 
\an — L\ < e when n> N. Then : 

1 r T p-C„T/2 -C„T/2 V- 



-J / F{a,b)QT{b a ba) dadb = -j h -c t/2 K ~ 



0{T) + (L + e') (1 - 0(T)) , where < e' < e, 



where we have used Lemma 2.13 in the second equahty. 
So 

I ^ / F(a, 6)gT(^'"^a-^6a) da.d6 - L| < 0{T) + L.O(T) + e. (l - 0(T)) . 

The required result follows upon taking limsup as T | 0, since e > is arbitrary. ■ 
2.18. Notation {kt, ae, K) /Some facts about SU(2). Every element g e SU(2) can 
be written in the form : 

g = k^aek^ (2.3) 

with < (f) < 2tt, 0<9<tt,0<iIj<2tt (these correspond to the 'Euler angles' for 
SO {3)), where 



kt = k{e'') = 

and 



e-'^ 



ae = a{9) 



cos 2 I sm I 
i sin I cos | 



We denote by K the maximal torus {/c^ : t e R} in G. 

Moreover, the Haar measure dg on G of unit total mass can be expressed as : 

dg = -— ^ sin dd(j)dddil). 

To be precise, the map (0, 2tt) x (0, tt) x (0, 2tt) — > G : (0, 9, ip) ^ k^paek^ is a two- 
to-one smooth local diffeomorphism onto a dense open subset of SU{2), with Jacobian 
^ sin 6 (the expression for dg has a further factor of | because of the two-to-one nature 
of (0, 6', V') ^ k^agk^). 

If i7 is any bounded measurable function on SU (2) which is central (in the sense that 
H{gxg~^) — H{x) for every x,g & SU{2)) then : 



/ H{g) dg^-[ dt sin^ t.H 

JSU{2) TT Jo 



The reader may consult [BrtD] (1.5.20.6 and 2.5.2) or [Waw] for these facts. ■ 
2.19. Proposition. If F is any smooth function on SU{2) x SU{2), then 



lim n. I F{a,b)xn{b~^a-^ba) da.db = I F{k,k') dk.dk' (2.5) 

JsU(2)xSU{2) JkxK 

where dk and dk' are the Haar measure of unit total mass on K, and F{a, b) is the 'average' 
hu{2) F{9ag~^,gbg-^) dg. 

Proof : Since the integral on the left in equation (2.5) is unaltered if F is replaced by 
F, it will suffice to assume that F, in addition to being smooth, is a central function, i.e. 
that F{gag~^, gbg~^) = F(a, b) for every g e SU{2). Denote by /„ the integral on the left 
of equation (2.5). Since b i— > Jgjj(2) F{a,b)xn{b~^a'~^ba) da is central, we have by Facts 
2.18 : 

2n r , ■ 2 f #.sin(^)d^.# , , x , 

nln = — / at sm t. / — ^ Fik^aek^.ktjXnKhaek-ta-e)- 

^0 ^[0,27r]x[0,7r]x[0,27r] 

Now the character Xn is given by : 

, ^ sin\n. coti^^\ ^,Tr{q)\\ . . 

Xn ^H .\ -iri^r ul for every ^ e 5[/ 2 \ {±/} 
sm[cos ^{^Tr{g))\ 

where Tr denotes trace of a matrix, and the same range of cos^^ is used in numerator 
and denominator. Calculation shows that : 

A{e,t) ^Tr{kta0k_ta-o) = 1 - 2(sin2 ^-).smH. 

From these formulas we have the following useful relationship (which is verified by 
working out the derivative in the right side) : 

d r 

n. sm'^{t). sinO-Xniktctek-td-e) = n. cos~^ {A{6,t)} 

In view of this, integration by parts yields : 

n/. = B.T.+^ r dt [ dFik,aek^,h) r _ ^^^-i ^^^^ ^ J ^3.6) 

7o i[0,27r]x[0,7i-]x[0,27r] StT Od I J 

For the boundary term B.T. we have : 



B.T. = -- [ dt I ^:^lF{k^a^k^,kt)cosi2nt) - F(k^+^,kt)} 

Jo i[0,27r]2 StT^ I. 

— [ dt f ^ ^ F{k(j)+^,kt), as n — > 00, (Ri emann-Lebesgue lemma) 

Tl" Jo J[0,2n]2 OTT^ 

= [ dk r-F{k,kt) 

Jk Jo tt 
= / F{k,k') dk.dk' 



where in the last step we used the conjugation-invariance property of F and, for instance, 

The rest of the argument is to show that the second term on the right in equation 
(2.6) goes to zero as n — > oo. To this end it wiU suffice to show that the integral 

/ dt. / de.H' {t, e). cos[n. cos-^ A{e,t)\ 
Jo Jo 

goes to as n — > oo, for every continuous function H' on [0, tt] x [0, 2n]. The second factor 
in the integrand above is invariant under t i— > tt — t and 9 ^ 27r — 9; thus we can reduce 
the integral to the form : 

/•-7r/2 /-TT 

= / dt d9 H{t, 9). COS [n. cos"^ A{t, 9)] 
Jo Jo 

where H is continuous on [0, 7r/2] x [0, tt]. Thus, we wish to show that Jn 0, as 
n — s> oo. It will be convenient and sufficient to assume that H vanishes near the boundary 
of [0,7r/2] X [0,7r]. 

For t e [0, f ] and 9 e [0, tt], introduce ^ e [0, f ] C [0, f ] by : 

sin^ = sint. sin(^/2) 

Then (t, 9) ^ (^, 9) is a diffeomorphism of the open set (0, 7r/2) x (0, tt) onto the open 
set {(^, 6*) : < C < f < f }, and the inverse map is of the form {^,9) i— > 
We have 



cos ^d^Ad9 = d(sin Ad9 = cos t sm{e/ 2) dt A d9 = y^sin^ (6'/2) - sin^ ^ dt A d9 

where the positive square-root is taken because cost > and sin | > since t, f G [0, 7r/2]. 
Thus 

Jn= dc{[ d9 H{^,9)y cos{2nO 

where H is the continuous function on {{$,,9) : < ^ < | < ^}, zero near the boundary 
of the domain, and given in the interior by : 

cosC.H{t{t9),9) 



sin I — sin ^ 



H{^,9) = 



Thus ^ 1-^ JJ^ H{^, 9) d9 is also continuous. Therefore, again by the Riemann-Lebesgue 
lemma, it follows that lim„_»oo Jn = ^- 

Putting all this together, we obtain equation (2.5). ■ 
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Combining Lemma 2.17 and Proposition 2.19 we obtain (after uniformly approximat- 
ing continuous F by smooth ones) : 

2.20. Proposition. If F is continuous on then : 

hm^ [ F{a,b)QT{b~^a-^ba) dadb ^ I F{k, k') dk.dk' , 

where dk and dk' are the Haar measure of unit total mass on K, and F(a, b) is the 'average' 
Isui2)^(9a9~^^9bg~^)dg. (If F{gag-^,gbg-'^) = F{a,b) for every g e SU{2), which is 

the case of main interest, then F = F.) 

3. The Symplectic Structure on Flat Connections. 

3.1. Tangent vectors to A : Let A be the space of all connections on a principal 
G— bundle tt : P — > E. The space of tangent vectors to A is naturally identified as the 
space of fir— valued 1— forms ^ on P satisfying :(i) A(^{Rg)^X) = Ad{g~^)A{X) for every 
g & G, p ^ P (we have written Rgp to denote the action of (7 G G on p G P arising from the 
principal G— bundle structure of P), and X G TpP, and (ii) A{Y) = whenever tt^Y = 0. 

Recall that g is equipped with an Ad— invariant metric (■, If ^ and ry are ^f— valued 
1— forms on a space we denote by A 77) the 2— form defined by : 

{CAv){x,Y) = m)My))9_-m)Mx))g_. 

3.2. The symplectic form on A: If A^^") and A^"^^ are tangent vectors to A then, as is 
easily verifiable, {A^^^ A A^"^^) is tt* of a smooth 2— form on E; the integral of this 2— form 
over (the oriented surface) E will be denoted Q{A^^\ A^'^^) . Thus itself is a 2— form on 
A. In fact, it is a symplectic form. 

3.3. Notation {curvature) and A^ {flat connections) : Recall that the curvature of 
w is the ^-valued 2-form Vt"^ specified by ^'^(X, Y) = dw{X, Y) + [w(X), w(F)], for every 
X, y e TpP and every p e P. We denote by A^ the space of flat connections on P, i.e. 
those which have zero curvature. 

3.4. Symplectic form on A^ and : Let Q be the group of all bundle automorphisms 
of P which cover the identity on E, i.e. Q consists of diffeomorphisms (p : P ^ P for which 
4){pg) — (p{p)g for every p G P and g E G, and n(f) — n. Then Q acts on A by puUbacks 
of connections : (0, a;) 1-^ (f)*u!. The symplectic form induces a "symplectic form" on 
the quotient space C° = A^/G in the sense that if A^^^ and A^'^^ are vectors in A tangent 
to A^ (i.e. they are tangent to paths in A^) then : 

e(yi(i), = 0((/>*A(i),(/>*A(2)) 

for every (p E Q. 

Let E be the torus, as before, and recall from subsection 2.1 the two basic loops 5*1 and 
S2 which generate the fundamental group 7ri(E, m) subject to the relation S2S1S2S1 — 1, 
in homotopy. Recall (Notation 2.4) that principal G— bundles over E are classified by 
h e ker{G^G). 
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3.5. Notation (J^, J^', J^sing, P /G) : Recal]_(Notation 2.3) that G = SU{2), G is 
either SU{2) or SO{3) = SU{2)/{±I}, and G ^G : x ^ x is the covering map. Let : 

= {{a,b) eG^ ■.b-^a-^a = h-^} (3.1) 

The group G acts on .F by : {g, {x, y)) i-^ {gxg-^, gyg~^)- 
Thus we have a quotient p : !F ^ T jG : (a, b) i— > [a, b]. 

li h = I (i.e. the bundle P is trivial) then, with Z{G) being the center of G, we write 

where J^sing = Z{G) x Z{G), and T' = T \ J^sing- If = —I, we set T' = T . ■ 

3.6. Fact /Notation (0, 0) : The map A'^/Gm ^ T : [lj] ^ {gu{Si; u) , gu{S2; uj)) is 
a bijection (see 2.5 for Qm), and induces a bijection : 

C° ^.F/G: [a;] ^ [g^{Si;iv), 9^(82;^)] (3.2) 

Using these bijections it is possible (as described in Theorem 3.7 below) to transfer 
the form to a 2— form on J-'', which descends to a 2— form on T' jG. In general, T and 
T jG are not smooth manifolds and so care needs to be taken in working with "2— forms" 
on these spaces. For the case we are interested in, where S is the torus and G — SU{2)^ 
we will describe the structure of and JF/G and the corresponding 2— form explicitly. 

3.7. Theorem ([KS 1]). Let (a, 6) G J^, and let A^^\ A^^\ B^^\ B^'^'^ G ^ be such that 
(aA^^\bB'^^^) and (aA^^^ 6i?*^^)) are tangent to JF at (a, 6); i.e they are the initial tangent 
vectors of smooth paths in G lying on T and passing through (a, b) initially. Then each 
of these paths corresponds to a path e 1— > a;^ in A^ such that (e, x) ^ 0Je\x is smooth (here 
X E P). Moreover, evaluated on the 'tangent vectors' (i.e. the corresponding 1— forms 
%rle=o-^ to these paths in A^ equals 

0(_,^ ((A(^), i?(^)), (A(2), 5(2))) \[{A^'\B^^)),_ - (^(2), (3.3) 

3.8. Theorem. Suppose h = I (i.e. the bundle P is trivial). Let L be a maximal torus 

in G, to be definite : L = K; the corresponding Weyl group is VF = N{L)/L = {L,aL}, 
where a G N{L)\L. Let L' = L\Z(G), and let (L x L)' = (L x L') U {L' x L). We consider 
the action of on (L x L)' x G/L specified by aL.{li,l2, gL) = {alia~^ ,al2a~^ , ga~^L); 
the image of (/i, /2, xL) in the quotient ((L x L)' x G/L) /W will be denoted [/i, /2, xL]\y. 
Then : 

(i) G acts smoothly on ((L x L)' x G/L)/W by ^.[Zi, Z25 = [^i; ^2, 

2 

(ii) J^' is a connected smooth 4— dimensional submanifold of G , and the map W : 
((LxL)'xG/L)/1^ T' : [^i, ^2, fi^Llvt^ 1-^ i9hg~^ , gl2g~^) is a well-defined G— equivariant 
diffeomorphism; 

(iii) p' : {{L x L)' x G/L)/W ^ (L x L)7VF : [lul2,gL]w ^ [luhW is a smooth 
fiber bundle over the smooth manifold (L x L)' /W with fiber G/L and structure group 
W; 
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(iv) the map ip : {L x Ly/W — > J^'/G : [Zi, Z2] w ^ [h, h] is a well-defined homeomor- 
phism; 

(v) the map p : T' ^ T' jG is a smooth submersion if and only if T' jG is equipped 
with the different iable structure making i\) a diffeomorphism; 

(vi) p\E' = V'p', and thus, by transferring smooth bundle structure by means of and 
ip : T' ^ T' jG is a smooth fiber bundle with fiber GjL and structure group W ^ and 

is an isomorphism of such bundles. 

Proof : (i) The mapping G x ((L x L)' x G/L) ^ (L x L)' x G/L : (h, h, xL)^ ^ 

(Zi, Z2, fi^a^L) is smooth and VF—equi variant. Since (L x L)' x G/L is a cover of ((L x L)' x 
G/L) /W ^ the latter equipped with the smooth structure making the covering map a local 
diffeomorphism, it follows that the induced action of G on ((L x L)' xG/L) /W is smooth. 

(ii) The mapping : L x L x G/L G : {li,l2,gL) 1-^ {glig~^ , ghg'^) is a well- 
defined G— equivariant smooth map with image JF, and maps (L x L)' x G/L onto JF'. Its 
derivative at (Zi, l2,gL) & LxLx G/L is specified by the map (wherein / is the Lie algebra 
of L) 

{A,B,X) ^ (^Ad{g){A+{Ad{l^') - l)X}, Ad{g){B + {Ad{l^') - 

Examination of this shows that on (L x L)' x G/L is an immersion. 

We show that "ifL restricted to (L x L)' x G/L — > JF' is a closed map. Let C be a 
relatively closed subset of (L x L)' x G/L, and let C be its closure in L x L x G/L. Then 
CD ((L X L)' X G/L) = G. Moreover, ^l^Tsing) = {{L xL)\{Lx L)'} x G/L. It follows 

that '^l{C) = *l(G) n.F'. Thus since is closed (being compact) in G^ , *l(C') is 

closed in J^' . 

The map \E' : ((L x L)' x G/L)/W — > JF' is a continuous bijection. Since takes 

relatively closed subsets of (L x L)' x G/L into relatively closed subsets of ^' is also 

a closed map. Therefore is a homeomorphism. Since ^^i, is an immersion, it follows 

that is smooth and is an immersion. Since is a homeomorphism onto its image .F"', 

2 

and \E' is also an immersion, J^' is a submanifold of G and is a diffeomorphism. From 
dim((L X L)' x G/L) = 4, we conclude that dim.F'' = 4. Since ^'l is G— equivariant, so is 

(iii) The smooth manifold (L x L)' is a two-fold cover of (L x Ly/W, and so the latter 
has the smooth manifold structure induced from that of (L x L)'. If (/i, I2) G (L x L)' we can 
choose a neighborhood U of 1 , 12] in (L x Ly/W which is covered once by a neighborhood 

U of (^1,^2) e{Lx Ly. Consider f : U x G/L ((L x L)' x G/L)/W : {[ji, j2]w, xL) ^ 

[j'i,j2, xL]w, where (^1,^2) ^ ^ covers (ji, J2) £ U. The map / is a smooth G— equivariant 
mapping onto {p')~^{U). Moreover, is also smooth since it is obtained by means of 
the smooth map (L x L)' x G/L {L x Ly/W : {li, l2,xL) 1-^ [li, l2]w- Taking the maps 
/ as local trivializations, p' becomes a smooth bundle with fiber G/L. Now W acts on 
G/L by : {aL,xL) 1— > xa~^L). If /i and /2 are local trivializations of the type /, defined 
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on the same domain, then /i is smooth and fi{[h,l2]wjxL) equals either itself or 
([^1) h]w: xaL). Thus the bundle specified by p' has structure group W. 

(iv) It is clear that i/j is well-defined, and that t(jp' = Since p is open, and since 
p' has continuous local sections, it follows that •0 is continuous. We show now that '0 is 
injective. Suppose [/i, Z2] = [^3, ^4] in JF/G. Then there is a ^ e G, for which glig~^ = h 
and gl2g~^ = ^4- Since li or I2 is in L', it follows from the structure of the elements of 

L = K, that either g e L or that g = h for some h e G of the form ^ '^^^^ 

\(3\ — 1. In either case, g G N{L). Therefore, [/i,/2]vK = [^3,^4]vK- So tp is one-to-one. 
Since is closed and p is closed (this is a general fact about quotients of Hausdorff spaces 
by compact groups) it follows that ip is closed. Therefore '0 is a homeomorphism. 

(v) If p is a smooth submersion, thereby having smooth local sections P;"^' map 
•0"^, being expressible locally as p'\E'~^p;~J, is also smooth. Conversely, if '0 is a diffeomor- 
phism then p = iljp'"^~^ is a smooth submersion. 

(vi) It is readily verified that p'^ = ipp'. ■ 

3. 9. Remark. The bundle p' : {{L x L)' x G/L) /W ^ {Lx L)' /W is, as is seen directly 
from the definition, the bundle with fiber G/L associated to the principal VF— bundle 
(L X L)' ^ (L X L)' /W : (/i, h) ^ [/i, kW; for this, note that M^acts on the left on G/L 
by : yL.xL — xy~^L (for every yL e W = N{L)/L, and xL e G/L). Since (L x L)' 
[L X L)' /W is non-trivial (because (L x L)' is connected and W is discrete and has more 
than one clement), it follows that p' is non-trivial. Hence the bundle p : T' ^ T' /G is 
non-trivial^ and is a fiber bundle, with fiber G/L, associated to the principal VT— bundle 
(L X L)' ^ (L X L)'/W. m 

3.10. Proposition. Let {K x K)' ^ {K x K) \ {Z{G) x Z{G)), and let p denote the 
composite of the covering projection {K x K)' — > (L x L)' with the covering projection 
(LxL)' ^ {Lx L)'/W. RecaU from Theorem 3.8(iv) the diffeomorphism : {Lx L)' /W 
T' /G. Then the form {il;p)*Q on {K x K)' is given by : 

(V;p)*e((Xi,Fi),(X2,F2)) = ^((Xi,r2),-(X2,Yi),). 

In particular, the corresponding volume measure \ {il)p)*Q\ is the restriction to K' x K' 
of a Haar measure oiv K x K. More precisely, if / is a bounded measurable function on 
K X K such that f{wx,wy) = f{x,y), for all {w,x,y) e Wk x K^, wherein Wk is the 
Weyl group of K, then : 

/ fd\ii;pre\ = l\K\^ [ f{k,k')dkdk\ 

J{KxK)' ^ JkxK 

where dk and dk' are the Haar measure on K of unit total mass, and \K\ is the 
'volume' of K as measured by the restriction of the metric (■, ■)g to K. 

Proof : The expression for ('i/'p)*0 follows from Theorem 3.7 and the definitions of 
ip and p. Since {'i(jp)*0 is manifestly a translation invariant non-degenerate 2— form on 
K X K, the corresponding measure is a constant multiple of the unit-mass Haar measure 
dkdk' . The factor is then obtained by comparing the two sides of the above equation 

in the case / = 1. ■ 
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3.11. Lemma. If / is a continuous function on G x G which is invariant under the 
conjugation action of G, then : 

\im-^ [ f{x,y)QT{y~^x~^yx)dxdy = ^ — =V / f ^\^\ 

^io JgxG volJr/Gj JT'IG 

where on the right we have written / to denote the function on T' jG induced by the 
conjugation-invariant function /, |0| is the measure corresponding to the 'volume form' 
0, and (with \K\ the 'volume' of K as measured by the metric induced from G) : 



vole(^7G) = { I 



\\KY SiG = SU{2)\ 
if G = 50(3). 



Proof : This follows from Proposition 3.10 and Proposition 2.20, and the observation 
that ipp is a two-to-one cover of J^'/G in case G = G = SU{2), while if G = S'0(3) then 

V'p is a four-to-one cover. The factor yo\-q(^J^' / G^ is the volume of T' /G as measured by 

the symplectic form 0. ■ 

3.12. Theorem. Let /iy denote the YM measure, described formally by diJ,T{(jo) = 
^q-Sym((^)/t^'j^^-^^ on the 'moduli space' C of (generalized) connections on a principal 
S'?7( 2)— bundle or the trivial S'O (3) —bundle, over the torus E. Let Ci, Ck be loops on 
S (which are composites of 1— simplices of a triangulation as in subsection 2.2). Then : 

J^m / f[g{Ci;uj),...,g{Ck;uj))dfiTiu)) = ^ — ^ / _f{g{Ci;uj),...,g{Ck;uj))d\e\{Lj), 

wherein G is SU (2) or 50(3), as before, and we have identified the space of flat connections 
with JF. 

Proof : This follows directly from Lemma 2.14, Lemma 3.11, and equation (2.1') in 
Remark 2.12. ■ 

3.13. Lemma. Suppose a, 6 e SU{2), and b~'^a~'^ba = -I. Then there is a e SU{2) 

with 



gag = 

and 



I _ ( i 
-i 



gbg-' 



1 
-1 



An element x e SU{2) commutes with both a and b if and only if a; e {±-^}- 

Proof : Without loss of generality, assume that a = k^p, with e [0,7r]. Then, 
calculating b~^a~^ba, we see by direct computation that this commutator equals — / if and 
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only if b is of the form f g-iv> q ) ^ f • Now let g = k^j2- Then gag~^ = a, 



and, as calculation shows, gbg 



-1 



1 
-1 



If a; e G commutes with then x ^ K, i.e. ^ = ^J' some a with 

= 1. Direct calculation shows that if this x commutes with ^ then = 1, 

and so X = ±/. ■ 

Combining Fact 3.5 and Lemma 3.13 we obtain : 

3.14- Proposition. There is, up to bundle automorphism, exactly one flat connection 
on the non-trivial S'O (3)— bundle over the torus. ■ 

3.15. Theorem. Let //j- be the Yang- Mills measure for the non-trivial 5'0 (3)— bundle 
over S. Then : 



hm-^ / /(^((:7i;c^),...,^(Cfc;a;))d/XT(a;) = /UCi;a;°),...,^(Cfe;a;°)) 

TIO Zrp JC ^ ^ ^ ^ 

for any continuous /SO (3)— invariant function / on SO{3)^ (i.e. f{gxig~^, gxkg~^) = 
f{xi, ...,Xk) for every g,xi, ...,Xk £ S0{3)) and loops Ci, ...,Ck on S (satisfying the con- 
ditions of 2.2), and cu'^ is 'the' flat connection on the bundle. 

Proof : As in the proof of Theorem 3.12, it will suffice to show that for every contin- 
uous 5C/(2)-invariant function F on SU{2) x SU{2) : 

lim — 3j I F{x,y)QT{y~^x~^yxh) dxdy — F{a,b) (3-4) 

TIO Zj. JsU{2)xSU{2) 

wherein h = —I, and a = ( t ^ .) and b = 

Let M : G X G ^ G : {x,y) i-^ y ^x ^yx. We write M'^^ : g x g ^ g ior the 
'translated derivative' of M at (a;, y) e G^; i.e. 

M[^^y){X, Y) M{x, y)-'dM^,,y^{xX, yY). 

Thus : 

M[^^y^{X, Y) = {1- Ad{x-^y-'^x)}X + {Ad{x-^) - Ad{x-^y-''xy)}Y (3.5) 

So if (x, y) G M~^(2), wherein z ^ I, then M^'^ is surjective; for, as some algebraic 
manipulation shows, any Z orthogonal to the image of M^'^ satsifies both Ad{x)Z = Z 
and Ad{y)Z — Z, which, since x and y do not commute, imply that Z is zero (recall that 
we are working in the Lie algebra of SU (2)). Therefore, for every z e SU (2) \ {/}, (z) 
is a smooth 3— dimensional closed submanifold of SU{2) x SU{2). 
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For the sake of computational convenience it will also be convenient to assume that 
the metric {■,-)g on g is scaled so that G has unit total volume; in this case, the Haar 
measure dx is the same as the Riemannian volume measure (this rescaling does not alter 
either side of equation (3.4)). We claim that : 



f \ f Fix y) 1 

F{x,y)QT{y~^x~^yxh)dxdy = / dz-Qrizh) / ' dvz{x,y) (3.6) 

'G2 Jg\{i} '-Jm-^(z) -JK^^y) J 



where dv^ is the Riemannian volume measure on M ^(z) corresponding to the metric 
induced by means of (■,■)£/, and J{x,y) is the Jacobian factor |(iet{M^'^ ^^(M^'^ ^^)*}|^/^. 

As we have seen above, J > off M~^{I). Since M~^{I) has measure zero (by Fubini's 
theorem, since for every x & G \ Z{G), the set {y E G : M{x,y) — I}, being a two- 
dimensional torus in G, has Haar measure zero) we can use a monotone limit argument to 
see that it suffices to prove (3.6) under the assumption that F vanishes in a neighborhood 
of M~^{I) (actually this, in essence, is the only case we really need for our purposes). 
Consider any {x,y) G G^ \N, and let M{x^y) = z ^ I; then by the inverse function 
theorem, there is a neighborhood W{c G^ \ N) of {x,y) in G^ and a diffeomorphism 
^ -.W xU, where F is a neighborhood of {x, y) in M~^{z) and t/ is a neighborhood 
of 2 in G such that on W, is of the form (*,M(-,-)). To prove equation (3.6) it 
will be sufficient (by a partition of unity argument) to assume that F has support in 
W . However, for F supported in W ^ equation (3.6) is just a 'change-of- variable' formula, 
and j'(x'y) dvz{x, y) depends continuously on z E G \ {/}. Thus (3.6) is proved 

for all continuous F, and the integrand j^-if^^^ ^'^^(^i v) depends continuously on 

zeG\{I]. 

Therefore, equation (3.6) and Facts 2.9 imply (by splitting the integral on the left 
below into a sum of two integrals, one outside a small neighborhood of (/) and another, 
contributing zero in the limit, over the small neighborhood) : 

r r pix y) 

lim/ F{x,y)QT{y~^x~^yxh)dxdy ^ ' dvh-i{x,y) (3.7) 

Tio Jg^ JM-^ih-^) J{x,y) 

wherein h — —I. Setting F = 1, we see again that limTj,o -^t^ exists and is finite; 
dividing both sides of equation (3.7) by this we obtain equation (3.4) by means of Lemma 
3.13 . ■ 

Another proof of the second part of Lemma 2.13 : The aim is to calculate lim^j^o . 
We will use the notation and conventions introduced in the proof of Theorem 3.15 above. 
By Lemma 3.13 and the observation that J[x^y) = J{gxg~^ , gyg~^) for every {g,x,y) G 
G^, we see that the right hand side of equation (3.7) equals F{a, b)J{a, b)~^ Im-^{-i) dv-i{x, 
Thus 

lim / QT{y-^x-^yxh)dxdy = —^yoI(m-\-I)), 
^J-0jg2 J{a,o) V / 

where the volume vol^M ~-'^(— I)^ is with respect to dv-i. By Lemma 3.13, for 
(a, 6) G M~^{—I), the smooth map : G — > M~^{—I) : x i— > {xax~^ , xbx~^) is surjective 



16 



and two-to-one. Let : g g x g : X t-^ ^{x) ^d'^^ixX). Then calculation shows 
that {^'^)*{^'^) = -^(a 6)(-^(o 6))* (both have the same diagonal matrix, with diagonal 

entries (4,4,8), relative to the basis j^^ o)'(^i 0^}°^^-^' '^b®^®^^^^' 

vol(^M-i(-/)^ equals |J(a,6). Therefore, 

lim / QT{y~^x~^yxh) dxdy — -. ■ 
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